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Abstract 



> 

Let M be a compact Riemann surface, h(x) a positive smooth 
<^ ' function on M. In this paper, we consider the functional 

o" 



J(u) = - I \\/u\ 2 + 8ttI u-8-Klog I he u . 
■ 2 J M J M J M 

*"c^ ' We give a sufficient condition under which J achieves its minimum. 

wo: 

1 Introduction and main result 

Let (M, ds 2 ) be a compact Riemann surface, h(x) a smooth function on 
M. For simplicity, we assume in this paper that the volume of M equals 1. 
Twenty years ago, Kazdan and Warner ([KW]) asked, under what kind of 
conditions on h, the equation 

A u = 8vr - 8nhe u (1) 

has a solution. An obvious necessary condition is that max/i > 0. 
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If M is the standard sphere, the problem is called "Nirenberg problem" . 
The geometric significance of this problem is that if g denotes a metric of 
constant curvature Att on S 2 , then the metric e u g has curvature equal to 
h. This problem has been studied by Moser ([Ml], [M2]), Kazdan- Warner 



([KW]), Hong ( [H] ) , Chen-Ding ([CD1], [CD2]), Chang- Yang ([CY1], [CY2]), 



Chang-Liu ([CL]), and others. 

For a compact Riemann surface other than S 2 or RP 2 , the preceding inter- 
pretation is no longer possible as such a surface does not carry a background 
metric of constant positive curvature. However, the differential equation (1) 
also arises in the so-called Chern-Simons-Higgs theory. This is a classical field 
theory that is defined on (2+1) dimensional Minkowski space and believed to 
be relevant in high temperature superconductivity and in other areas of theo- 
retical physics. Hong-Kim-Pac [HKP] and Jackiw- Weinberger [JW] observed 
that for a special choice of the Higgs potential, a sixth order polynomial, 
stationary vortex solutions satisfy certain first order selfduality equations. 
On a compact torus, these equations have been studied by Caffarelli-Yang 
[CaY] and Tarantello [T] . In particular, Tarantello showed that one may find 
a certain type of solution that corresponds to a symmetric vacuum. In the 
case of only one vortex p of multiplicity 1 she found that asymptotically, as 
the coupling parameter in the theory tends to zero, one obtains a solution of 



where G(x,p) is the Green function defined below in equation (2). This result 
was shown with the help of the Moser- Trudinger inequality. For N vortices 
(counted with multiplicity), 47r in the preceding equation has to be replaced 
by AttN, and already for N = 2, the situation becomes more difficult, as the 
factor 8-7T represents the limiting case in the Moser- Trudinger inequality. We 
shall discuss this in detail in [DJLW]. 

Thus, the Kazdan- Warner problem becomes relevant for an area quite 
different from problems of prescribed Gauss curvature. Therefore, we shall 
address the problem of finding solutions (1) here on a general compact Rie- 
mann surface. We shall pursue a variational approach. Namely, we shall try 
to minimize the functional 



We shall first show that the functional has a lower bound. This generalizes 



Au(x) = 47T — 47T 





J(u) 
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the Moser-Trudinger ([Ml]) inequality to the case where M is an arbitrary 
compact Riemann surface. 

Theorem 1.1 Let (M,ds 2 ) be a compact Riemann surface. For any u e 
L\{M) with f M u = one has 

[ e u < C M e^ llvu|| 2, 

JM 

where Cm is a positive constant depending only on (M,ds 2 ). 
To show that J is bounded from below, we consider 

Je{u) = \ ( | V u\ 2 + (8tt - e) / u - (8tt - e) log / he u , 

^ JM JM JM 

where e > 0. It is not hard to verify that J e achieves its minimum at some 
u e . 

There are two possibilities: If a subsequence of the sequence of minimizers 
u e converges to some Uq for e — > 0, then -u minimizes J. In order to show 
this convergence, it suffices to establish estimates for u e in the Sobolev space 
L\(M) that do not depend on e. If such estimates do not hold, then the 
sequence u e blows up, and after subtracting mean values, the u e converges 
to some Green function G(x,p) satisfying 

J AG = 8tt - 8n5 p , 

\ImG = o. 

In a normal coordinate system around p we assume that 

G(x,p) = -41ogr + A(p) + b-iXi + to 

+c 1 xj + 2c 2 x lX2 + c 3 xj + 0(r 3 ), (3) 

where r(x) = dist(x,p). 

One should note that (2) is not conformally invariant, but depends on 
the metric ds 2 on M. Therefore, also the constants in the expansion (3) will 
depend on that metric. If the metric is homogeneous as on the standard 
sphere or on a flat torus, &i = b 2 = 0. For a more detailed discussion of the 
leading term A(p) - which does not depend on p in the homogeneous case - 
on flat tori see section 4. 
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(2) 



More precisely, in this step we show that, if the minimizing sequence u e 
of J e blows up, 



inf J(u) > -8tt - 87rlog7r - 47r(max(A(p) + 21og%))). (4) 

u&L\(M) peM 

In other words, if (4) does not hold, then no blow-up is possible, and we 
get convergence of the u e to a minimizer uq of J. 

Inequality (4) and the results that have been obtained for the Nirenberg 
problem ([CD1], [CY1], [CY2], [CL]) indicate that it will depend on the 
asymptotic expansion of h near a potential blow-up point whether a blow-up 
is possible. In this sense, we shall obtain the following result. 

Theorem 1.2 Let (M, ds 2 ) be a compact Riemann surface, let K(x) be its 
Gauss curvature. Let h(x) be a positive smooth function on M. Suppose that 
A{p) + 21og/i(jo) achieves its maximum at p . Let bi(p Q ) and b 2 (p ) be the 
constants in the expression (3), and write Xjh{po) = (ki(p ) , k 2 (p )) in the 
normal coordinate system. If 

A% ) + 2(&i(po)*;i(po) + b 2 (po)k 2 (Po)) 
> -(8tt + (6?(po) + b 2 2 (po)) - 2K(p ))h(p ) 

the minimum of the functional J can be obtained, and consequently the equa- 
tion (1) has a smooth solution. 



Remark 1.3 The inequality in Theorem 1.2 is implied by the following one 

A log)**) = ^ " l -^f > "(8- " 
h(po) h 2 (p ) 

In the second step, we shall construct a blowing up sequence <fi t with the 
property that 

J((j) e ) < -8tt - 8tt log tx - 47r(max(A(p) + 2 log h(p))) 

peM 

for sufficiently small e > 0, assuming that h satisfies the hypotheses in The- 
orem 1.2. This contradicts (4), and Theorem 1.2 will follow. 

Our methods are closely related to those used by Schoen ([Sc]) in his 
solution of the Yamabe problem and by Escobar-Schoen ([E-S]) for finding 
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conformal metrics with prescribed curvatures in higher dimensions. However, 
our analysis is more delicate. In their work, they need only to compare the 
minimum of the corresponding functional to the minimum on the standard 
sphere. That is because their problems are conformally invariant. In our 
case, we have to compute the limit functional value of a blowing up minimiz- 
ing sequence very carefully, and it turns out that the limit is not unique, it 
depends on the geometry of the surface (Theorem 1.2). On the other hand, 
while in their work to establish the existence result they need only the con- 
stant term in the expansion of the Green function of the conformal Laplacian 
to be positive (the positive mass theorem), in our case we need to consider 
a higher order term in the expansion of the usual Green function. 
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Our research was carried out at the Max-Planck-Institute for Mathematics in 
the Sciences in Leipzig. The first author thanks the Max-Planck-Institute for 
the hospitality and good working conditions. The third author was supported 
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2 The lower bound 

In this section, we shall show that the functional J(u) is bounded from below, 
and consequently, we shall prove the Moser-Trudinger inequality. 

We shall consider the minimum of the functional J in the space Hi = 
{ueLl(M) I f M ke» = l}. 

Proposition 2.1 Let M be a compact Riemann surface. Let h(x) be a posi- 
tive smooth function on M. Then there exists a positive constant C depending 
only on M and h such that 

inf J(u) > -C. 

The following lemma will yield our proposition. 

Lemma 2.2 There exists a positive constant C depending only on M and 
h, but not on e, such that 

inf JJu) > -C. 
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Set 



A t = inf J € (u). 



Using Aubin's inequality (see [A]) one obtains u e G H\ satisfying 

J e (u e ) = A e 

and 

Au e = (87r-e) - (S7r-e)he u \ (5) 

If u e — > Mo in L\(M) as e — > 0, the lemma follows. And Theorem 1.2 also 
follows. Therefore we shall assume in the sequel that u e does not converge 
in L\{M). However we have 

Lemma 2.3 For any 1 < q < 2, || y u £ || g < C g . 

Proof: Let o' = > 2. Then 

|| V « e ||, < sup{ | / yu e ■ yy?| | V e Lf(M), / ^ = 0,11^11^^ = 1}. 
By the Sobolev embedding theorem we have 

IMU°°(M) < C- 

It is clear that 

I / V M e • Wl = I / Au e ip\ < C. 

J M JM 

This proves the lemma. 

□ 

Let u t = f M u e . We set \ e = max^M^W, assume that u e (x e ) = \ e and 
that x e — > p. We shall show 

Lemma 2.4 A e — > oo as e — > 0. 

Proof: If X € did not tend to oo, e Ue would be bounded above (At least 
there would exist a subsequence u ek such that e ne fe is bounded. For simplicity, 
in this paper we do not distinguish this point.). We set v e = u e — u e . By 
Lemma 2.3 we have \\v e \\ p < C p for any p > 1. Since | At> e | < C, by the elliptic 
estimates we can see that v e is bounded in C k (M). So, if u e is bounded, then 
||Me|U°°(M) < C, which contradicts the assumption that u e blows up. But if 
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u e — > — oo, then v e converges to a smooth solution of the equation Av = 8n, 
which is impossible. This proves the lemma. 

□ 

We choose a local normal coordinate system around p. Let (A*) 2 = e Ae , 
and 



x 

<p e (x) = u t (x e + — ) - \ e 



We shall show 



Lemma 2.5 (i) For any Q CC M \ {p}, we have j n he Ue — > as e — > 0. 
ylnd w e — > — oo as e — > 0. (m) For any f2 CC -R 2 , we nave y? e (:r) - ► VoC^) zn 
as e -> 0, where tp Q (x) = -2 log(l + nh(p)\x\ 2 ) . 

Proof: For any R > 0, we have 

1 h(x e + -nr) 

A ^ = ^(87r-e)-(87r-e) ^ e^>^ 
= J—(Sn-e)-(87r-e)h(x € + ^)e^ {x) 



(K) 2 ' v y v £ A e 

in -Br(O) C R 2 for e > sufficiently small. 
We consider the equation 

A( fl = (W( 87r " e ) " ( 8?r " e )M^ + jf)e Mx) * e Sfl(0), 
^lasH(o) = 

Let if 2 = ip t — ip\. Then A(/? 2 = in .Br(O). The elliptic estimates together 
with r|(5 R (0)) C C(B^j) give sup Bj?(0) |^| < C. So sup Bjj(0) y? 2 < C. The 
Harnack inequality yields that sup Bfl ,( ) \ip 2 \ <C, because <p 2 (0) is bounded. 

Therefore sup Bfl( - p ) |</? e | < C. 

By the elliptic estimates, we can show that <p € (x) — > <^ (a;) in C°°(Sfl(0)). 

4 

As h(x e + #) — > in C(.Br(0)) we can see that ipo satisfies 

A <p (x) = -8irh(p)e w , 
M0) = o, 

and 

h(p)e lp0 < 1, 

/? 2 



where A is the Laplace operator on R 2 . 

However Ding's lemma ([D], c.f. [CL2] Lemma 1.1) yields that 

/ h(p)e v " = 1. 

Since f M he Uf - = 1 we can see that, for any Q CC M \ {p}, we have 
f n he Uc — > as e — > 0. By Jessen's inequality we have u e — > — oo as e — > 0. 
The uniqueness theorem in [CL2] implies that 

ip (x) = -2\og(l + 7ih(p)\x\ 2 ). 

This proves the lemma. 

□ 

We also need the following lemma. 

Lemma 2.6 We have u e — u t — > G(x,p) weakly in L\{M) (1 < q < 2) as 
e — > ; where G is the Green function satisfying (2), p G M. Furthermore 
u € -u e ^ G(x,p) in C°°(Q) for any flccl \ {p}. 

In order to show the lemma, we shall use a theorem proved by Brezis and 
Merle ([BM], Theorem 1), formulated as Lemma 2.7 below. 

Let Q C M be a domain. Suppose that w is a solution of the equation 

Au = f(x) 

, = 

in Q with ||/||Li(n) < oo. 

Lemma 2.7 For any < 5 < An, we have 

(4* - 5)\u( x )\ £ 



where C$ > is independent of \\f\\ L i^y 

□ 

Using Lemma 2.7 we can show 
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Lemma 2.8 Suppose that VL <Z M is a domain. If 

Jj* <(!-*> 

for some < 5 < \, then 

\\u t - U € \\l°°((1 ) < C(Q , fi) 

/or any f2 CC f2. 

Proof: Assume that u\ is a solution of the equation 

Aul = -(8?r- e)/ie u % 
tielan = 0. 

Set -u^ = u t — u\ — u ei then A-u^ = (87r — e) in Q. Harnack's inequality 
yields that 

< C(||w e - W e ||ii(n) + IkelU 1 ^)) 

< C(|| V«e|Ufl(Af) + ||«e||l,i(n)) 

whenever Qq CC Oi CC f2. 

By Lemma 2.7, one can see that e' ne ' is bounded in L p (f2) for some p > 1, 
which yields that 

H^elUi(Q) < C- 



We therefore have 
Note that 



| U elU°°(fii) < C- 



pu t pu 2 e pu\ 



< C. 

By the standard elliptic estimates, we can obtain 

H«elU°°(fio) < C. 
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This proves the lemma. 

□ 

Now we turn to the proof of Lemma 2.6. 

Proof of Lemma 2.6: By Lemma 2.5 we can see that (87r— e)he Ui converges 
to 8n5 p in the sense of measures as e — > 0. 

Therefore u t — u t —> G(x,p) weakly in L\{M) for any 1 < q < 2, where 
G is the Green function satisfying (2), because G is the only solution of (2) 
in L\{M). 

Lemma 2.5 and Lemma 2.8 yield that for any Q CC M \ {p}, 

\\u € -u e \\ L oo {n) < C. (6) 

The inequality (6) and the standard elliptic estimates yield that u e — u e — > 
G(x,p) in C°°(fi) for any f2 CC M\{p}. This completes the proof of Lemma 
2.6. 

□ 

For any R > 0, we set r e = ||. 
Lemma 2.9 In M \ B re (0), we have 

u e > G - \ e - 2 log( 1 + y fl2 ) - A(p) + o e (l) 

where o e (l) ^0 as e — > 0. 

Proof: It is clear that we have A(u e — G — C e ) < for any constant C € . 
We choose C e such that 

(G + C £ )\ dBr€ <u £ \ 
By Lemma 2.5 and (3) we get 

a=-A.-2iog( i+ y ji y ^)+°.(i). 

Then the lemma follows from the maximum principle. 

□ 

Now we are ready to finish the proof of Lemma 2.2. 

Proof of Lemma 2.2: We let 5 > small enough so that (3) holds in 
B$(p). We denote by o e (l) (resp. o R (l); 0,5(1)) the terms which tend to as 
e — > (resp. R — > 00; <5 — > 0). 
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We recall that r e = (R > 0). We assume that e is so small that 5 > r t 
We have 

V^| 2 = / IV«e| 2 + / IV«e| 2 + / |V^| 2 - 

'M JM\B s (p) J B s (p)\B rf (p) J B r<s (p) 

It is clear that 

2 / I . — . /„, -77 \ 1 2 



|V«e| = / \\7(u e -u e 

M\B 6 (p) JM\B s (p) 



[ \vG\ 2 + o e (l) 
C r)C 



and 



/ \yu e \ 2 = / |vv^ol 2 + o e (i) 

JBr,(p) JB R (0) 

= 167rlog(l + 7r/i(p) J R 2 )-167r + o e (l) + o iJ (l), (8) 



by Lemma 2.6 and Lemma 2.5. 

It remains to estimate J Bg ^ B ^ \ X/ u t \ 2 . 
Since u e satisfies (5), we have 



V«e| = -(87T-e) / M e 



B s (p)\B rt (p) J B s (p)\B re (p) 



i&K-e) [ 
Je 

L 



+ (87r-e) / he u 'u t 

I B s (p)\B re (p) 

du t f du e 
dBsip) on J 9BrM dn 



Using Lemma 2.9, we have 



/ he u *u t > -A £ / 

JB x (v)\B r Jv) JBt 

+ [ he u *G + o e (l)+o 5 (l). 

JB x (p)\B r . (p) 



he 

! B s (p)\B re (p) J ■ B S (p)\Br e (p) 



I B s (j>)\B re (p) 
11 



Using the equation (5) and the Green formula, one gets that 
(87r-e) / he Uf G = -8tt / u e - f ^G 

J B s (p)\B re (p) J B s (p)\B re (p) JdB s (p) a™ 

f dG f du e ^ 
- [ u e ^- + (Svr - e) / G. 

JdB re (p) ° n J B s (p)\B rc (p) 



By Lemma 2.6 we have 

(87r-e) / he^G = -8tt / w e + / 

J Bf,(v)\B r Jv) JBx(v)\B r Jv) Jd 



aB re ( P ) JdB re (p) dn 

+o e (l) + o s (l). 

Using the equation (5) we also have 
-(87r-e)A e / ^ = -(87r-e)(Uo/( J B 5 (p))-Uo/( J B re (p)))A e 

J B 5 (p)\B re (p) 

-xj ^ + \ r dUf 

We conclude that 



6»s re (p) <9n JdB s (p) dn 



du e 
e dn 



[ \Vu e \ 2 > -(167r-e) f u e + [ 

J B s (p)\B rc (p) JB s (p)\B r Jp) JdB s (p) 

du e f dG_ 

'dB re (p) an JdB s (p) an 

f du e ^ f dG 

JdB rt (p) on JdB re (p) an 

_ Ae f ^1 + Xe ! ^ 
JdBrM dn JdB s (p) dn 
-(8tt - e)(y Z(Si(p)) - VoZ(£ re (p)))A £ 
+o e (l) + o*(l). 
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Applying Lemma 2.5 and Lemma 2.9 one has 

-/ ^(u £ -(G-X e )) 
JdB r j v ) dn 



ldB rt {p) 

8^h{p)R 2 2 \ z( 1 + nh{p)R2 )) 

+o e (l) + o R (l). 
Using Lemma 2.5 we have 

f dG f dG 
- u e — = -X £ — 167rlog(l + nh{p)R 2 ) 

JdB re (p) dn JdBr e (p) dn 

+O e (l)+0 R (l) 

= 8?r(l - Vol(B r Xp)))K - 167rlog(l + nh(p)R 2 ) 
+o e (l) + o R (l). 

By the equation (5) one gets 



K [ ^ = -(87r-e)(l-Vol(B s (p)))X 

JdB s (p) ° n 

+ (8tt - e)A e [ he u * 

Jm\B*(v) 



M\B s (p) 

> -(8n-e)(l-Vol(B 5 (p)))X e . 



Similarly 

% = -{8u-e){l-Vol{B 5 {p)))u e 

J dBx (v) ° n 



and 



+ (8tt - e)M e e" E / he u ^ 
Jm\b s ( p ) 

= -(8n-e)(l-Vol(B 5 (p)))u £ + o £ (l) 

f QQ 

/ jrue = -8tt(1 - Vol(B s (p)))u £ . 
JdB s (p) on 



We have 



/ - = / 

J B:(p)\B r Jp) JB> 



I B 5 (p)\B re (p) J B 5 (p)\B rt {p) 



+{Vol{B 5 {p)) -Vol(B rc (p)))u £ . 
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By Lemma 2.3 we have 

/ u € = (Vol(B s (p)) - Vol(B re (p)))ue + o s (l). 

J B 6 (p)\B re (p) 

It is clear that 

\ £ Vol(B re (p))=o £ (l). 
By Lemma 2.9 we also have 

-u e Vol(B re (p)) = o e (l). 

We therefore have 
/ IV^el 2 > eA e -(167r-e)U e -167rlog(l + 7r/i(p) J R 2 ) 

J B s ( P )\B re (p) 

f dG 

+ G ■ — 8tt A(p) - 16tt log 7T - 16vr log h(p) 

JdBg On 

+o e (l)+o fl (l) + o*(l). (9) 
It follows from (7), (8) and (9) that 

/ IV M e| 2 > e\ € — (16n — e)u e 

— 8irA(p) — 167rlog7r — 16n — 16ir log h(p) 

+O e (l)+O fl (l) + 0{(l). 

So, 

J e (u e ) > ^X e -^u e - AirA(p) - 8vrlog7r 

-8tt - 8tt log h(p) + o e (l) + 0^(1) + o 5 (l). 

Thus, we have 

J e (u e ) > -4ttA(p) - 8tt log 7r - 8tt - 8tt log %) + o e {\) + o R (l) + o s {\). 
Hence 

inf A e > -87r-87rlog7r-47r(max(A(p) + 2 log/i(p))). (10) 
The lemma follows. 

□ 

Consequently, we have the following lemma which will be used in the 
proof of Theorem 1.2. 
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Lemma 2.10 Assume that the minimizing sequence u e of J e does not con- 
verge in L\{M). Then 

inf J(u) > -8ir - 87rlog7r - 47r(max(A(p) + 2 log h{p))). 

Hi peM 

Proof: Otherwise, there would exist u E Hi and 7 > such that 
J(u) < -8tt - 87r log 7r - 4tt (max(A(p) + 2 log h{p))) - 27. 



So, 

when e is sufficiently small, which contradicts (10) 



J £ (u) < Sir - 87rlog7r - 47r(max(A(p) + 2\ogh(p))) - 7, 



□ 



3 Existence theorems 

One can directly prove the following theorem using Lemma 2.10, because 
J(0) = -87V log J M h. 

Theorem 3.1 Let M be a compact Riemann surface. Let h(x) be a positive 
smooth function on M. Suppose that 

log / h > (1 + log7r) + ^max(/4(j») + 21og%)). 
Jm * peM 

Then the equation (1) has a smooth solution. 



Remark 3.2 If h is a positive constant, then the condition of Theorem 3.1 
is satisfied precisely if 

max A(p) < — 2 — 2 log it. 

If M is the standard sphere with volume 1, the constant A in the local ex- 
pression of G {see (3)) is —2 — 21og7r 7 and so the preceding inequality does 
not hold. We shall see in Section 4, that it holds for some, but not for all 
flat tori with volume 1. 
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In the sequel, we shall use 

Proposition 3.3 Let M be a compact Riemann surface. Let K{p) be the 
Gauss curvature of M at p. Let G(x,p) be the Green function on M satisfying 
(2). Let G be locally expressed by (3). Then 

2 

ci + c 3 + -K(p) = 4tt. 

Proof: We denote by (r, 9) the chosen normal coordinate system around 
p. We write ds 2 = dr 2 + g 2 (r, 6)d6 2 . It is well-known that 

g (r,6)=r-^^r 3 + 0{r 4 ). 

By the divergence theorem, we have 

dG 



[ ^ = -8tt(1 - Vol{B r )). 
JdB r on 



So, 



! (-- + 2 Cl r cos 2 9 + 2c 3 r sin 2 6)(r - -K(p)r 3 + 0(r 4 ))d6 
Jo r 6 

= -87r(l-7rr 2 + 0(r 3 )). 
Comparing the coefficients of r 2 , we get 

2 

ci + c 3 + g-K"(p) = 4tt. 

This proves the proposition. 

We now turn to finish the proof of our main theorem, Theorem 1.2. 
Proof of Theorem 1.2: We shall construct a blow up sequence e with 

J((j> € ) < -87r - 8tt log 7r - 47r(max(A(p) + 2 log 

for e sufficiently small. Note that J{u) = J(u + C) for any constant C. 
Combining the above fact and Lemma 2.10 one gets Theorem 1.2. Therefore, 
it only remains to construct the blow up sequence. 



□ 
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Suppose that A{p) + 21og/i(p) = max xeM (A(x) + 2\ogh(x)). Let r = 
dist(x,p). We set 

cj e = -21og(r 2 + e), 

cos 6? + biT sin # + /9(r, 6), 

where b\ and 62 are constants in (3). 

{u e + bir cos # + b 2 r sin # + log e, r < ay'e, 
(G-r]P(r,9)) + C e + loge, u^i < r < 2a^, 

G + C e + log e, r > 2^^. 

Here 77 G Cg°(S 2a ^(p)) is a cutoff function, rj = 1 in B aV ~ e (p), \\/rj\<^r e , 

a 2 + l 

C e = -21og(— I- -Afr 

cr 

and a = a(e) will be fixed later on satisfying a — > 00 and a 2 e — > as e — > 0. 
By a simple calculation one has 

r a 2 
/ |v0e| 2 = 167rlog(a 2 + 1) - 16tt— — - 

« 2 + 1 



1 ' ,?I K(p)a 2 e + — if(p)e log(a 2 + 1) 



6 v ^ ' 6 
+tt(6 2 + 6 2 )a 2 e + 0(e) + O(aV) 



It is clear that 



/ I V0.I 2 = / \VG\ 2 + f \v(ri/3(r,6))\' 

JM\B aVi JM\B aV - € JB 2aVi \B aV - e 

-2/ VG-V(#,9)) 
+2 / ^-(vfi(r,6)) 



4 2\ 



+0(«V). 
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Using (3) one has locally 
— 41ogr H 

+cir 2 cos 2 9 + 2c 2 r 2 cos 9 sin 9 + c 3 r 2 sin 2 6* + 0(r 



G(r,9) = — A log r + A(p) + bxr cos 9 + b 2 rs'm 9 

2 „ 2 /i , o„ „2 „ /)„• a , „„2 • 2/i , /Oi'„3\ 



and 

5G 4 „ , • „ 

— — = h b\ cos # + o 2 sin 6 1 

or r 

+2dr cos 2 6> + 4c 2 r cos sin 9 + 2c 3 r sin 2 + 0(r 2 ). 

So, 

-/ G-— = -167rlog(a 2 e) + 8irA(p) + 4tt(ci + c 3 )a 2 e 

+47r(ci + c 3 )a: 2 e log(a 2 e) — 27rA(jo)(ci + c 3 )a 2 e 
+ ^fTGo)a 2 elog(a 2 e) - yif(j))A(j))a 2 e 
-tt(6? + 6 2 )« 2 e + 0(a 4 e 2 log(a 2 e)). 

Similarly, 

2 / ?7/3(r, 9)- — = -8vr(ci + c 3 )a 2 e + 0(a 4 e 2 ). 
JdB aV - e on 

Hence, 

= -16tt log(a 2 e) + 8ttA(p) + 4tt(ci + c 3 )a 2 e 

+47r(ci + c 3 )a 2 elog(a 2 e) - 2nA(p)(c 1 + c 3 )a 2 e 

+^K{p)a 2 elog{a 2 e) - ^-K{p)A{p)a 2 e 
o o 

-8tt(ci + c 3 )a 2 e - vr(6 2 + b\)a 2 t + 0(aV log(a 2 e)). 
Since j M G = 0, we have 

-8?r / G = 8ir f G 

>>M\B aV - e JB aV - e 

= — lGn 2 a 2 € log(o; 2 e) + 16n 2 a 2 e 
+8nA{p)a 2 e + 0(a 4 e 2 log(a 2 e)). 
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So, 

r a 2 + 1 

/ |V0,| 2 = 167rlog( — )-167rloge 

Jm « 



lQlT 

-167r + — — - + 8irA(p) 

OL + 1 

2 

+4vr(( Cl + c 3 ) + -A"(p) - 4vr)a 2 e log(a 2 e) 

2 

+4vr(47r - (ci + c 3 ) - -K(p))a 2 e 

2 

+2vrA(p)(47r - (ci + c 3 ) - -fTG»))a 2 e 

+ ^K(p)elog(a 2 + 1) + 0(a 4 e 2 log(a 2 e)). 



Applying Proposition 3.3, one has 

/ |V0,| 2 = 16vrlog(^^)-167rlog e 
Jm « 

-16tt + -=-^- + 8?rA(p) 
cr + 1 

+ £-^(p) e log(a 2 + 1) + 0(a 4 e 2 log(a 2 e)). 
Calculating directly, one has 

/ o; e = -2vra 2 e log(a 2 + l)e - 2vre log(a 2 + 1) 
+2na 2 e + 0(a 4 e 2 log(a 2 e)). 

It is also obvious that 

/ <j> e = (l-Vol(B aV - e ))\oge- [ G 

JM\B aV - t ■ JB aV - t 

+ Ce (l-Vol(B aVl ))- I V (3(r,9) 

= 27ra 2 e log(o; 2 e) — 2na 2 e — A{p)-na 2 e 

+ (1 - Vol(B aV ,)) loge + C e (l - Vo/^)) + 0(a 
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Thus, 

f a 2 + 1 

/ 4> e = loge — 27ro; 2 elog( - — ) — 27re log(a 2 + 1) 

Jm a 2 



-A(p)-2\og(^±^)(l-Vol(B aV ,)) 



a" 

+0(a 4 e 2 log(a 2 e)). 



We have 



*Vt b 2 r 2 cog 2 Q + 6 2 r 2 ^2 q 



dOrdr + 0(e) 



2 7 Jo (r 2 + e) 2 

a 2 1 
= tt(^— -) - -K(p)ne \og(a 2 + 1) 
or + 1 o 

+^(6 2 + 6 2 ) e log(a 2 + l) + 0( e ). 

We choose 5 > sufficiently small so that G has the expression (3) in 
Bs(p), then we have 



e G+C E+e / e _41ogr+A(p)+C e 



JM\B aV - e JM\B S JB s \B aVi 

+6 /" e G+ ^(e-^)-l) 

_|_ e / g -4 log r+A(p)+C e ^ g 6ir cos 6»+6 2 »* sin 6»+/3(r,6») _ -q 



'B S \B aV - e 

Calculating directly one gets 



, e -41ogr+A(p)+C £ = ^ « 2 



a 4 1 

+27r (^Tl7 6^W el °g(«v^) + 0(e) 
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and 

e / e -41ogr+A(p)+C* E ^ e 6ircos0+b 2 rsin6l+/3(r,6») _ -Q 

JB s \B aVl 

a 4 

= ~ 7r ( Q 2 + l)2 ( Cl + C3 ) el °g( a ^) 
71 ° 4 '|2 , ,2 



2 (a 2 + l) 2 

We therefore have 



(bl + b 2 2 )e\og(aV~e) + 0(e). 



f a 2 a 4 I 



a 4 



" 7F (a 2 + l) 2 (Cl + c 3) el °g( a v^) 

71 ° 4 'U2 , l2 



2 (a 2 + 1)< 



(& 2 + & 2 )elog(a^) + 0(e). 



Thus, 

= 7T— — -(1 + -= —-K(p)e\og(a 2 + 1) 



a 2 1 

(ci + c 3 - -X(p))elog(o;v / e) 



a 2 + r 3 
+ 7^(^ + ^log(a 2 + l) 



4 a 2 
1 a 2 



2 a 2 + 1 



(6 2 + 6 2 ) e log(av^)) + 0( e ). 



It is clear that 



/ he^ = h(p) [ [ (h-h(p))e*<. 

Jm Jm Jm 

Suppose that 

h(x) — h(p) = k±r cos 9 + k 2 r sin 9 

+ k 3 r 2 cos 2 9 + 2 k 4 r 2 cos 6> sin 9 + A; 5 r 2 sin 2 9 + O (r 3 ) 



in 5,5 (p). 
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By a simple computation, we obtain 

/ (h-h(p))e^ = ^(k 3 + k 5 )e\og(a 2 + l) 



+^(hbi + k 2 b 2 )e\og(a 2 + 1) + 0(e) 



and 



/ (h-h(p))e^ = [ (h-h(p))e^ + [ (h-h(p))t 

JM\B aV - e JB s \B a / i JM\B S 



~-(h + A; 5 )(^^) 2 elog(a 2 e) 



2 y ° u/ a 2 + V 
2 a z + 1 



— Mi + A; 2 6 2 )(^^) 2 elog(a 2 e) + 0(e). 



So, 



/ 



(h-h(p))e*> = ^(A%))elog(a 2 + l) 

+|(A;i6i + A; 2 6 2 )elog(a 2 + 1) 

^ « 2 , / 2 



(A%))(-^) 2 elog(a 2 e) 



2 



4 V v " //v a 2 + l' 

7T n 

--(fcxftx + fc 2 6 2 )(^-— ■ ) 2 elog(a 2 e) + 0(e) 
2 + 1 



Therefore, 



/ 



he** = h(p)*-£-(l + - ^^^(P)elog(a 2 + 1) 

a z + 1 or + 1 cr o 

+i^T^ + ^Ma 2 + 1) - ^^7^ + 6i)clog(aVi) 
-(ci + c 3 - -K(p))e\og(aV~e)) + -(A%))e log(a 2 + 1) 



a z + 

9 

7T rv 7T 

(A%))(— -) 2 elog(a 2 e) + -(fc^ + A; 2 6 2 )e log(a 2 + 1) 
4 a z + 1 2 

2 

+ A; 2 6 2 )(^-) 2 elog(a 2 e) + 0(a 4 e 2 ) + 0(e). 
or + 1 
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Adding the terms in the functional, we get 

J((f> e ) = -8tt - 8tt log 7T - 4tt A(p) - 8tt log h(p) 

-16tt 2 (1 - ^-K{p))t\og{a 2 + 1) + 4tt( Ci + c 3 - \lC{p))e log(a 2 e) 

47T 3 

-2tt(6 2 + 6 2 )elog(a 2 + 1) + 2tt(6 2 + 6 2 )elog(a 2 e) 

(k 1 b 1 + k 2 b 2 ) ( 2 s + fc 2 & 2 ) , , 2 \ 

~ 4?r £l0g( " +1)+4?r %) ° g(Q £) 

-2^elog( a 2 + l) + 2^ e log( a 2 e) 
+0((e log(a 2 + l)) 2 ) + 0((-elog(a 2 e)) 2 ) 



+0(^t) + 0(a 4 e 2 log(a 2 e)) + 0(e). 
a 4 



Choosing a so that a 4 e = -, — rr, — r and applying Proposition 3.3, we get 



log(- loge) 

J((f) € ) = Sir - 8ir log 7r - AnA(p) - 8tt log h(p) 

V 4tt W 8tt 8vr%) 4tt%) J K B 1 



+o(e(-loge)). 
This proves theorem 1.2. 



□ 



4 The Green function on a flat torus 

For details on the Green function, we refer to [L]. 

Let z = x + iy be a variable in C (the complex plane) and let r = u + iv, 
v > 0. Here for simplicity, we assume w = 0. Let g = e~ 2nv and g 2 = e 27 ™ 2 . 
Let T, q = T, v = C*/(q z ), where Z is the set of integers, C* = C - {0} and 
q acts on C* by the usual multiplication. In other words, S g is the torus 
generated by the lattice [l,r]. Define a metric on T, q by 




<ir A oh/. 
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The area of S g with respect to ds 2 is 1. The corresponding Green function 

is 

oo 

G(z, 0) = -4 log \ q B ^)l\\ - q z ) - q "q z )(l - q-q z )\, 

n=l 

where -82(2/) = y 2 — y + | is the second Bernouli polynomial. Recall the 
definition of the Green function in the introduction. 

Now the asymptotic expansion of the above Green function at the origin 

is 

oo 

-4 log |*| -41og27r+ — -81og(JJ(l -e~ 2miv )) + 0(\z\ 2 ) 

3 n=l 

= -4\og(v 1/2 \z\) + 2\ogv - 41og27r + ^ 

oo 

-8log(H(l-e- 2 ^)) + 0(\z\ 2 ) 

n=l 

= —4 log r + 2 log v — 4 log 2ir H — — 

O 

OO 

-81og(n(l-e~ 2 ^)) + 0(|r| 2 ) 

n=l 

where r = t> 1//2 |z|. The latter expansion is in normal coordinates. Therefore, 



A v = -21ogt;-41og27r + 2^ -81og(JJ(l - e~ 27rnv )) 

n=l 



Clearly, the asymptotic expansion of the Green function on E„ is independent 
of the base point 0. A v is increasing between [l,+oo). Furthermore Ai < 
—2 — 2 log7r = A and \im v _ +OQ A v = +oo. Hence there exists v* G (1, +oo) 
such that 

(i) A v < A , if 1 < v < v*, 

(ii) A v > Aq, if v* < v < oo. 
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